ABSTRACT. Examples are given to show that there exist homeomorphisms of open 3-manifolds whose sets of irregular points are wildly embedded onedimensional polyhedra. The main result of the paper is that a one-dimensional polyhedral set of irregular points can fail to be locally tame on, at most, a discrete subset of the set of points of order greater than one. Necessary and sufficient conditions are given so that the set of irregular points is locally tame at each point.
1. Introduction. Let h be a homeomorphism of a metric space (X, d) onto itself, h is regular (positively regular) at x G X if, for each e > 0, there exists S > 0 such that d(x, y)<5 implies d(h'(x), h'(y)) < e for each integer i (/ > 0). Let Irr(ft) denote the set of points at which h fails to be regular. Suppose M is an open manifold which is an open mapping cylinder neighborhood of some continuum C CM. By using the product structure of M -C, one can define a homeomorphism h of M onto itself such that h is positively regular on all of M and Irr(A) = C. The metric on M is the metric induced from the metric of the one point compactification of M. In [3] , [6], Duvall and Husch investigated the converse of the situation; i.e. if M is an open manifold, h is a homeomorphism such that h is positively regular on M and Irr (A) is a nonempty compactum, need M be an open mapping cylinder neighborhood of Irr (A)? If Irr (A) is compact zero dimensional, then Irr (A) is a singleton and the answer is yes by [7] . If Irr (A) is a compact polyhedron topologically embedded in M with codimension at least 3 and if the dimension of M is greater than 3, Duvall and Husch showed that Irr(A) could be wildly embedded in M. This provided strong evidence that the answer is no. However, they were able u. give necessary and sufficient conditions so that Irr(A) would be tamely embedded and hence a positive answer for the dimensional range indicated. In [3] , they claimed that Irr(7z) was tamely embedded when the dimension of M is three, the dimension of Irr(A) is one and a certain cross-section hypothesis is added. In §5, we give a counterexample to their theorem. Also in §5, we give an example to show that M need not be the open mapping cylinder neighborhood of any embedding of Irr(A). We are able, however, to prove the following:
Theorem A. Let M be an open connected 3-manifold and let h be a homeomorphism of M onto itself such that h is positively regular on all of M and C = Irr (A) is a compact one-dimensional polyhedron topologically embedded in M. If C is the l-sphere, suppose that there exists x EM such that C =£ lim supn_+00 {h"(x)}. Then C fails to be locally tame at a discrete subset of the set of points of C of order # one. In particular, if C has no points of order one, C fails to be locally tame on a finite subset.
In our example in §5, C is an arc and C fails to be locally tame at a sequence of points which converges to an endpoint of C.
We show that there exists r > 0 suchthat AH Irr (A) is the identity and f(x) = limI_>+00 h2ri(x) exists for each x EM and / defines a retraction of M onto Irr(A). If M0 is the orbit space of h2r\M -Irr(A), then / induces a map /0: MQ -► Irr (A).
Theorem B. Let M, A and C be as in Theorem A and let p be a point of order two in C. C is locally tame at p if and only if /0~1 (p) has property AFG; i.e. there exists a neighborhood W of /0-1(p) in M0 such that if U is a neighborhood of /0~l (p) contained in W, then there exists a neighborhood V of /0~ ' (p) contained in U such that each loop in V which is null-homologous in U is null-homotopic in U.
Property AFG was developed in [3] and [6] , and interested readers may consult [6] for some of the consequences. However, in this paper, we only use the definition.
2. Preliminaries. A. polyhedron is a topological space which is homeomorphic to the underlying space of a locally finite simplicial complex. A subset P of a 3-manifold is a topologically embedded polyhedron if there exists a polyhedron Q and a homeomorphism of Q onto P. A topologically embedded polyhedron P contained in a 3-manifold M is locally tame at pEP if there exists a neighborhood U of p in M and a homeomorphism of the closure of U onto a subpolyhedron of M (with respect to the unique piecewise linear structure of M) such that the image of the closure of the intersection of U and P is a subpolyhedron of M. P is locally tame if P is locally tame at each of its points.
A 3-manifold M is irreducible if each locally tame 2-sphere in M is the boundary of a 3-cell in M. A locally tame connected 2-manifold S contained in M is 3. Proof of Theorem A. Let M, h and C be as in Theorem A. All homology groups in this section will be singular homology with Z2 coefficients unless stated otherwise. Proposition 3.1. // C is the 1-sphere, then h\C is periodic.
Proof. By Corollary 31 of [4] , the existence of an element x of M such that lim sup"_>+00 {hn(x)} ¥= C implies that lim sup"_+00 {h"(y)} ¥= C for all y EM. Since h(C) = C and h\C is positively regular, by Theorem 10 of [15], AlC is regular on all of C. By [18] , h\C is topologically equivalent to either a rotation or the composition of rotation and a reflection and hence must be periodic. Proposition 3.2. // C is not the 1-sphere, then h\C is periodic.
Proof. Let C0 be the set of points in C which do not have order two (in the usual graph theoretic sense). Since C0 is finite, there exists r > 0 such that hr\C0 is the identity and if E is a component of C -C0, hr(E) = E. Let F be the fixed point set of hr; note that F is closed. If F ± C, let C1 If hr\C is the identity, by replacing hlr by A we may assume, without loss of generality, that h\C is the identity and if U is an open orientable subset of M such that h(U) = U, then AIU is orientation-preserving. Proposition 3.3. For each xEM, f(x) = limn^.+00 hn(x) exists and defines a retraction of M onto C. If U is an open subset of C, then the inclusion of U into f~xU isa homotopy equivalence. The natural projection p of M -C onto the orbit space M0 of h\M-C is a covering map and M0 is a closed 3-manifold. f induces a map fQ: M0 -► C such that f0p = f^M-cProof. This is the content of Corollary 2.4 and Proposition 2.5 of [6] provided we know that A is not regular at °°; i.e. the induced homeomorphism h" of the one-point compactification of M, M U {°°}, is not regular at °°. However, if h", is regular at oo, then h" is positively regular on M U {°°}. By Theorem 10 of [15], h" is regular on all of M U {<*>}, a contradiction. Proof. It suffices to show that f~l(U) -U is irreducible. Let 2C f~l(U)-U be a locally tame 2-sphere; by Corollary 2.2 of [6], if V is a neighborhood of C, then there exists n such that A" (2) CV -C. By [24] , there exists a neighborhood V of C in M that is irreducible. It follows that 2 bounds a 3-cell in f'^U) -U. If U is an open subset of C which is homeomorphic to an open interval, we shall call U an open arc. Proposition 3.5. // U is an open arc in C, then /0_1i/ Aas two ends. If pEU, then /0_1(P) & « continuum in /0_1i/ which separates the two ends of /¿"l U; i.e., /¿" ' (U -p) has two components, each of whose closures (in /¿"1U) has one end.
Proof. If V is a connected neighborhood of p in U, it follows from Proposition 3.3 that cl(/0_1K) is a continuum. Since p can be expressed as the intersection of connected neighborhoods {V¡}°°=v V¡D Vi+l for all i, /0_1(P) = ^t^=i C1(/0_1^i) is a continuum. Note also, that f0 is proper (i.e., if A C C is compact, f$lA is compact).
Since U has two ends, it follows from [19] that f^lU has two ends. Since p separates U into two components it follows from Proposition 3.3 that /o_1(P) separates /0_1i/ into two components. We again apply [19] to prove that /0_1(P) separates the ends of /0_1C/.
If G is an Abelian group with a group of operators K generated by k, define GK=G/{g-k(g)\gEG}, GK ={gEG\k(g) = g}.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use or HX(J~\U)-U) and Z is the integers, define an operation of Z on G by n(g) -h1(g) where g EG and A«, is the homomorphism induced by A on G. From Serre [26] , we get the following commutative diagram in which the rows are exact and the vertical maps are induced by inclusion.
By [27, Remark. Proposition 3.6 is also true if homology with integral coefficients is used.
The following proposition is well known.
Proposition 3.7. // U is an open arc in C and p and q are distinct points of U, then there exists a locally tame closed connected 2-manifold N C /0-1t/ such that N separates /0-1(P) fro™ /o_1(?) '" f^lU.
Let p EU where U is an open arc in C and let Ul and U2 be the components of U -{p}. Let q¡ E U¡ and let N¿ be a surface in /0~ ' U which separates /0_!(<7,) from /0_1(P) hi /0_1i/, z'=l,2.
Let V0 be the compact 3-manifold in /0_1Í7 whose boundary is N¿ UJVj. Let H be the Haken number of V0. 
H^Nndtf -N))-+HX(N) ®Hx(d(S -N^^+H^S) Hy(T)'
where again the row is from the exact Mayer-Vietoris sequence and the maps are induced by inclusion. Since Hx(N n cl(5 -A/)) = 0, A is one-to-one. Therefore rank image ft = rank image £ < 2 and rank image a < rank image V < 2. Proof. It is easily seen that a collection of 2-spheres in an irreducible 3-manifold with two ends cannot separate the two ends. Let Pj <p2<p3<p4 be elements of U and let Nx Ç/0_1(Pi» Vi) and N2 c /0_1(p3, p4) [(*, y) = {z E U\x < z <y}] be surfaces which are given in Proposition 3.7. Let V0 be the compact submanifold of /0~1U whose boundary is Nx U N2 and let H be the Haken number of V0. Let p2 = q0 < qx < • • • < q2H+1 = p3 be elements of U, let T¡, i = 1, 2, • • • , H + 1, be a collection of locally tame closed surfaces of genus one in fo1(.l2i-2'(l2i-0 whose union separates the ends of fo1(l2i-2'
be surfaces in /0-1(<72/-i' 9«) &ven by Proposition 3.7. Note that if the union of elements in T¡ separates the ends of /¿*I(92í-a»Í3i-l)>tnen tne union also separates the ends of /0-1i/. Hence there exists a component T¡ E T¡ which is not the boundary of a compact submanifold of /0~1U. Since f^lU is irreducible, T¡ is incompressible in fô1U and hence in V0. By choice of H, {Tv T2, • • • , TH+l} contains two surfaces which are parallel in V0; say, T¡ and Tjt i<j.
Let R be the submanifold of V0 whose boundary is Ti U Tj and which is homeomorphic to T¡ x [0,1]. Since W¡ separates T¡ and J. in /0_1<7, W¡ separates T¡ and Tj in /?. It follows that T¡ separates the ends of /¿"! £/.
From part of the proof above we get the following proposition.
Proposition 3.15. // U is an open arc in C, if V is an open connected subset of C which contains U and if each point of U separates V into two components whose closures in V are noncompact and if T is a locally tame closed connected surface of genus one in /0_1t/ which separates the ends of /0~l U, then T is incompressible in f£l V. Proposition 3.16. Let Q = {p E CI either p has order > 2 or if p has order 2, then no neighborhood of /0~1 (p) is homeomorphic to S1 x S1 x R}. Then Q is a discrete subset of the set of points of C of order >2.
Proof. Suppose p EQ and the order of p is k. Let W be a neighborhood of p in C such that W -{p} has k components, {cof }JL j each of which is an open arc. Let q2i, q2¡+1 be distinct points of W¡ and let N¡ be a locally tame closed connected 2-rr.anifold in /0~1 W¡ such that N¡ separates fo1(q2i) from /O_1072i+i) m /o"1^/-Le{ N be the compact submanifold of /0_1 W whose boundary is Uf=i A7,-.
Let 0: (0, 1] ->C be a homeomorphism such that 0(1) = p and 0((O, 1)) C IVj -f0(Nx). Let < be the induced ordering on A = image 0.
Choose a sequence of points {p,},™! in A suchthat Pj<Pi+1 for all i and hmJ.^.+0O p, = p. By Proposition 3.14, there exists a locally tame surface T¡ of genus one contained in /0-1(P2i-i> P21+1) which separates the ends of /o-1(P2/-i> P2i+0-By Proposition 3.15, T¡ is incompressible in fTxW and hence in N.
We claim that there exists K such that if 1 > K, then T¡ is parallel to TK in N. Define 7} ~ T¡ if 7/,. = 7} or 7, is parallel to 7} in A; "~" is an equivalence relation and, by Theorem 2.1, there exists only a finite number of equivalence classes. Suppose TK is an element of an equivalence class which has infinitely many elements. If i> K, then there exists 7 > i such that TK ~ T-.
Since T¡ separates TK from T¡ in N, it follows from Theorem 2.2 that Tt~TK.
Hence, if 1, 7 > K, T¡ and T.-are parallel in N and, by Theorem 5 of [8] , the component of fc1(pl, p2) -TK which contains TK + l is homeomorphic to 51 x S1 x R. Therefore, (p2K + 1, p) O Q -0 and it follows that p is an isolated point of ß-Proposition 3.17. If p EC -Q is a point of order 2, then /0_1(p) has arbitrarily small neighborhoods which are homeomorphic to S1 x S1 x R.
Proof. Let V and Vx be neighborhoods of /0_1(p) in M0 such that Vx is homeomorphic to S1 x S1 x Ä. By standard compactness arguments and Proposition 3. Wi and each V¡ is homeomorphic to S1 x
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use S1 x R. Again, as in the proof of the previous proposition, U/=i V% is homeomorphic to S1 x S1 x R. Hence there is a neighborhood Y of f$xA in U which is homeomorphic to S1 x S1 x [0, 1]. Since U can be expressed as the union of closed intervals {Ai}]Ll suchthat A¡CmtA¡+1 for all i, again, by applying Propositions 3.14, 3.15, Theorem 2.2 and [8] , /0-1i/ is homeomorphic to S1 x S1 x R. Proof. Let T be a locally tame connected closed surface of genus one in /0_1i/j which separates the ends of /0~ ' Ux ■ T is incompressible in both fo1U1 and /0_1t/ and it follows from Theorem 2.2 and Proposition 3.18 that T is a deformation retract of both /¿"l U1 and /0~~ ' U. The Proposition follows. Let u: S1 -*■ S1 x 51 be an embedding such that if pt : S1 -► 51 x S1 x {t} is the embedding defined by ßt(x) = (p.(x), t), t E (0, 1), then there exists a lifting m,: 51-* f~x (image X) of 0pf. The liftings pf can be chosen so that the map (x, t) -» ¡uf(x) is an embedding of S1 x (0, 1) in f~l (image X).
There exists a sequence {K^JL j of positive integers, K¡ < Ki+ j, for all i, such that if A¡ is the compact surface in p-1^1
x S1 x {1/2Í}) whose boundary is h^pfö1) U hKi+%/2i(S1) and B¡= U hK'+l (image pf), D =\JT=i A i U U.^i Ri U {X(0)} is the desired disk.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proposition 3.22. If qEC -Q is a point of order 2, then there exists a neighborhood basis {Ut}°¡Lt at q suchthat n1(Ui -C) is isomorphic to the integers, U¡ D Ui+ ¡, and the inclusion map induces an isomorphism *x{Ut -C)-+ *l(Ui -C) for all i >/.
Proof. Let TCC-Q be an open arc which contains q. By Proposition 3.18, /0_1r is homeomorphic to S1 x S1 x R and hence i/t = f_1(T) -T is homeomorphic to S1 x R2. To prove the proposition, it suffices to show that if V is a neighborhood of q, V CUx, then there exists a neighborhood U of q, U C V, such that the inclusion induces an isomorphism n1(U -C) -► *l(tf, -C).
Let W be an open arc in C such that q E W C V n C. By Proposition 3.18, there exists a homeomorphism 0: S1 x S1 x R -► /0-1 W. Let -n: Sx x R x R -* S1 x S1 x R be a covering map which is the pullback of p: f~l(W) Proof. We shall use the notation introduced in the previous proof. It suffices to show that if X: S1 -► U -A is a loop, then X is inessential in V -A.
Note that if Z is an open arc in C -Q, then A induces the identity map on (rX(2)-2).
Choose a point q ET -A such that if B is the open arc in T whose boundary is {q, q'}, then /0_15 C 0(SJ x S1 x (-e, e)). Similar to the construction of U in Proposition 3.22, we can construct a set U' such that U' C UC\f-lB, U'C\C = B and the inclusion of U'-B into f~1(B)-B isa homotopy equivalence.
Note that X is homotopic in U -A to a loop X': S1 -* U -C. Since the inclusion of U' -B into U -W is a homotopy equivalence, X' is homotopic in U-A to a loop X": S1-*■ U'. Since U' is contractible, X is homotopic in U-A to the constant path. Proof. Let U be an open arc in C such that p EU and C is locally tame at each point q E U. There exists a neighborhood V of U in f~1U such that the pair (V, U) is homeomorphic to (R3,/?1). Let 0: S1-► f~1(U)-U be a loop which is homologous to zero in f~l(U) -U; i.e. there exists a compact connected 2-manifold T with connected boundary and a continuous map X: T-^f~i(U)-U suchthat XlbdryT=0. Since /XfT) is a compact subset of U, there exists n suchthat h"\(T)CV -U. But A"0 is inessential in V-U and hence 0 is inessential in f~l(U) -U. It follows that Tix(f~l(U) -U) is isomorphic to the integers Z. Since h\f~l(U)-U is orientation-preserving, 7Tj(/0-1£/) is isomorphic to Z®Z. Hence /0_1(p) has property AFG.
A similar proof gives the following. where i, / and k are induced by inclusions and hx and A2 are the Hurewicz homomorphisms. Since ji is an isomorphism, image / = ttl(fQiUl). By AFG, A2 limage / is one-to-one and, hence, A2 is an isomorphism. By the remark to Proposition 3.6,7rj(/0-1i/j) is then isomorphic to Z®Z. ir1(fQ1Ul) is homeomorphic to the interior of a compact irreducible 3-manifold F (Propositions 3.4 and 3.18) whose boundary is S1 x S1 x {0,1}. By [28] , F is homeomorphic to S1 x S1 x [0, 1] and, hence, p £ Q.
Theorem B follows immediately from Propositions 4.1 and 4.3. is isomorphic to Z. By [25] ,/0_1i/ is homeomorphic to S1 x R2 and, hence, f~*(U) -U is homeomorphic to R3.
We now proceed as in the proof of Theorem A to show that C is 1-LC at p and the result follows from [21].
Addendum to Theorem 4.4. Suppose that C is locally tame. If C is the 1-sphere, then M is homeomorphic to S1 x R2 or the twisted plane bundle over S1. If C is homeomorphic to [0, 1], [0, 1) or (0, 1), ML is homeomorphic to R3. In fact, if C is homeomorphic to [0, 1) or (0, 1), then the pair (ML, C) is homeomorphic to (R3, R+) or (R3, R1), respectively. [R\ = {(x,0,0)\x>0}].
Proof. If C is compact, then the result follows from the fact that for each compact set D CM -C, Um sup^.,«, {h"(D)} = °° (Proposition 2.1 of [6]) and from Theorem 5 of [1] .
Suppose C is not compact; we shall first show that ML is homeomorphic to R3. Let D be a compact subset of ML. Note that f(D) is a compact subset of C; hence, there exists a closed arc C0CC such that f(D) C C0. Let N be a regular neighborhood of C0 in ML. By Proposition 2.1 of [6] or from the definition of /, there exists n such that hn(D) is contained in the interior of N. Hence D is contained in the interior of the 3-cell h~n(N) and ML is homeomorphic to R3 by [l] . Now consider the case when C is homeomorphic to (0, 1); we leave the proof of the other case to the reader. Let M* = ML U {«>} be the one-point compactification of ML and C* = CU{°°}. To show that (ML, C) is homeomorphic to (R3, R1) it suffices to show that C* is locally tame at °° since from the proof of Proposition 4.1, nx(M* -C*) = tt1(Ml -C) = Z [25] . We shall again use [21] . Let U be a neighborhood of «> in M*;let Y be an open arc in C* such that °°EYCU.
Let A be a regular neighborhood of C-Y id bdry(C-Y) in ML [13] . As before, there exists n suchthat M* -UCint h"(N). Let V = M* -A" (N); note that n^V -C*) is isomorphic to Z and the inclusion of V -C * into M * -C * induces an isomorphism of fundamental groups. It follows that C* is 1-ALG at each point of C. Corollary 4.5. Let h be a homeomorphism of the 3-sphere S3 onto itself such that Irr(A) is a 1-sphere. Suppose that there exists a point xE Irr (A) such that A is positively regular on S3 -{*} and, for each y ES3 -{x}, lim sup"_>+0O {h"(y)} # {x}. A necessary and sufficient condition that Irr (A) be locally tame in S3 is that the map induced on the orbit space of AlS3 -Irr(A) onto Irr(A) -{x} have property AFG for each point inverse.
Duvall and Husch constructed an example in [6] of a homeomorphism A of S3 such that Irr(A) is a 1-sphere, there exists x E Irr(A) such that A is positively regular on S3 -{x} and Irr (A) is locally tame at each point except x. This example shows the necessity of adding the hypothesis that Urn sup"_>+00{A"(j)} # {x} in Corollary 4.5.
5. Wild irregular sets. Let a: S1 -> S1 x I2 be a piecewise linear embedding of the 1-sphere into the interior of S1 x I2 such that a is a homotopy equivalence and the pair (S1 xI2,a(S1))
is not homeomorphic to (S1 x I2, S1 x (H, &)). Let n: R1 x I2 -* S1 x I2 be the universal covering map and let Aj be a generator of the corresponding covering transformation group.
Let A be a regular neighborhood of o^S1 ) in the interior of S1 x I2, let V = cl [(S1 x I2) -N], V" m Tt-lV', bdry V" = Vx U V2 where Vx = bdry (7? ' x I2), and let V* = V" U {0, °°} be the Freudenthal end point compactification of V". hx\V" induces a homeomorphism A* of V* suchthat, say lim^+00 h*'(x) = 0 and lim^." A*'(;c) = °° for all x E V". It follows from [12] that Irr(A*) = {0, °°}. Let 0f: R2 -* F,. U {0} be a homeomorphism (onto) such that 0,.(origin) = 0. Note that 0r1(A*lF/ U {O})0,. isa homeomorphism of R2 which is regular except at the origin. By [18] , there exists a homeomorphism ¡i¡ of R2 such that »Tl<t>Tl(h* | V, U {0}W,nfic) = x/2 for aU xER2. Our next example will have the property that Irr (A) is an arc which fails to be locally tame at an infinite number of points. To aid in the construction, we first consider a more general situation. Define X: £3 x £" -*R3 x R" by X(jc, y) = (h(x), k(y)). We have the following. Example 5.9. There exists a homeomorphism X of Rm (m > 3) onto itself such that X is positively regular on all of Rm. Irr(X) is an (m -2)-cell which fails to be locally tame on an (m -3)-cell.
6. Concluding remarks. Using the construction techniques in Example 5.2, one can construct an infinite number of distinct 3-manifolds for which one can define a homeomorphism which is positively regular everywhere and whose set of irregular points is homeomorphic to [0, 1] . Since these manifolds are contractible and it is known that there are uncountably many distinct contractible 3-manifolds [20] , the natural question arises whether there exist uncountably many such manifolds for which one can define a positively regular homeomorphism whose set of irregular points is an arc. Theorem 6.1. If C is a compact one-dimensional polyhedron, then there exists at most a countably infinite collection of connected open 3-manifolds upon each of which it is possible to define a positively regular homeomorphism (onto) such that the set of irregular points is homeomorphic to C. Proposition 6.2. Let M, C and A be as in Theorem A and let p EC be a point of order one. If p is a limit point of the set of points at which C fails to be locally tame, then there exists a neighborhood U of p in C such that f~xU is homeomorphic to R3.
Proof. Let X: (0, 1] -* C be an imbedding such that X(l) = p and each point of the image of X different from p has order two. Let < be the induced ordering on V = image of X. Let {p,}JL x Ç V be such that p¡ < pi+l for all / and lim/_+00 p¡ = p. Let 7^ Ç/-1(p/, p/+1) be the surface given by Proposition 3.14. Case 1. There exist an infinite number of i"s such that T¡ is incompressible in the compact submanifold Vx of /¿" ' V which is bounded by Tx. By Theorems 2.1 and 2.2, it follows that there exists N such that if i > N, then T¡ and TN are topologically parallel in Vx. From the proof of Theorem A, (Pjv+i'P)
is l°cahy tame at each point, a contradiction. Hence we must have the following.
Case 2. There exists N such that if i> N, T¡ is not incompressible in Vx. There exists for each i > N, a locally tame disk Dt such that Di n T¡ = bdry D¡ and bdry D¡ does not bound a 2-cell in Tt.
Since a 2-sphere cannot separate the ends of /0-1X(0, 1), D¡ H/0-1(p) =£ 0. By Proposition 3.4, /0_1 V is irreducible and, therefore, each T¡, i > N, is the boundary of a compact 3-manifold S¡ in /0~ * V where S¡ is homeomorphic to S1 x I2. Suppose that the sequence {p¡} is chosen such that (p¡, Pi+i) n Q contains at most one point and {p¡} C\ Q=0.
There is no loss of generality in assuming that Q n (pN, pN+, ) = 0 ; let t/ = (p^, p]. /¿" ' Í/ is homeomorphic to S1 x R2 and hence f~l(U) -U is homeomorphic to R3. W = f~l(pN, Pff+X) is homeomorphic to 7?3 by the addendum to Theorem 4. Outline of the proof of 6.1. Let us first consider the case when C has no points of order one. As in the proof of Proposition 6.2, we can find a finite number of locally tame arcs in C such that when we shrink each of these arcs to points, we can find locally tame planes which are invariant under the homeomorphism induced by A and such that each component of the complement of the union of these planes contains a single element of Q [See Proposition 3.16] . Avoiding the introduction of new notations, we suppose that such planes exist for A. Let E be the closure of one of the above components; note that License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
